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Abstract—In this paper, we consider the straggler problem
of the high-dimensional matrix multiplication over distributed
workers. To tackle this problem, we propose an irregular-
product-coded computation, which is a generalized scheme of the
standard-product-coded computation proposed in [1]. Introduc-
ing the irregularity to the product-coded matrix multiplication,
one can further speed up the matrix multiplication, enjoying the
low decoding complexity of the product code. The idea behind the
irregular product code introduced in [2] is allowing different code
rates for the row and column constituent codes of the product
code. We provide a latency analysis of the proposed irregular-
product-coded computation. In terms of the total execution time,
which is defined by a function of the computation time and
decoding time, it is shown that the irregular-product-coded
scheme outperforms other competing schemes including the
replication, MDS-coded and standard-product-coded schemes in
a specific regime.

I. INTRODUCTION

In the era of Big data, the massive scale of data often
impede running computations over a single machine within
a reasonable computation time. To overcome this limitation,
distributed computing systems have played a pivotal role
in supporting the large-scale data analytics in recent years
[3]. In a distributed computing system a computational task
is divided into a number of subtasks and distributed over
multiple workers. The computationally intensive task can then
benefit from parallelism, which leads to reducing the overall
computation time.

With the growth in the scale of data/systems, however,
the distributed computing system often faces a serious bot-
tleneck in performance to wait some straggling workers or
stragglers [4]. To provide the straggler tolerance to the dis-
tributed system, coding for distributed matrix multiplication
is first introduced in [5]. In [5], it is shown that deploying
an (n, k) maximum distance separable (MDS) code speeds
up the distributed linear computations including the matrix
multiplication since the master can retrieve the computation
result by collecting any k out of n workers’ subtask result.

Coding for distributed computing is a very active area of re-
search. A number of recent publications have explored the role
of coding in distributed computing in the following various
contexts: coding for high-dimensional matrix multiplication
[1], [6], [7], distributed gradient descent [8]–[11], Fourier
transform [12], convolution [13] and non-linear computation
[14]. Moreover, there have been works to reflect the practical

constraint of distributed computing systems: coding for matrix-
vector multiplication over heterogeneous clusters [15]–[17]
and hierarchical architectures [18], [19]. Another line of work
deals with the exploitation of stragglers’ computation results
[20]–[22].

The most relevant past work is [1], which considers two
different regimes that the number of backup workers either
sublinearly or linearly scales in the code dimension (or, in
the size of the product, equivalently). The authors compare
the computation time of the MDS-coded and product-coded
schemes in those two regimes. It is shown that the MDS-coded
computation outperforms the product-coded computation in
the regime of linearly scaling number of backup workers,
while the product code has a better performance in another
regime. However, we claim that the product-coded compu-
tation has a room for improvement since the design of the
standard product code employed in [1] has not been optimized
to have a lower latency.

This motivates us to explore the impact of proper designs of
the product code to further speedup the matrix multiplication.
Moreover, the product code can take advantage in decoding
time over the MDS code as the product code consists of small
constituent codes, which enables the efficient parallel decoding
of small codes. Improving the computation time of the product
code will then greatly help to reduce the latency in distributed
matrix multiplication in terms of the total execution time, i.e.,
the summation of the computation time and decoding time.

For improving the latency of the product code, we specifi-
cally consider the irregular product code [2]. Irregular product
codes can achieve a better performance compared to the
standard product codes by allowing each row and column
constituent code to have different code rates. This is because
a few lower rate constituent codes enhances the straggler
tolerance, while the higher rate constituent codes force the
irregular product code to maintain the overall code rate. In this
paper, we employ the irregular product code for distributed
matrix multiplication and show that the irregular-product-
coded scheme outperforms the MDS-coded scheme in some
specific regime.

Target Problem: We consider matrix multiplication over
N distributed workers, i.e., we aim to compute ATB for
A ∈ Rs×d and B ∈ Rs×t. The size of the input matrices
A and B is assumed to be fairly large; A and B are thus
required to be split into small chunks to avoid computations
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that are physically not feasible in a single machine. The input
matrices A and B are first divided into, for example, k blocks
as A = [A1 A2 . . . Ak] and B = [B1 B2 . . . Bk],
respectively, where Ai ∈ Rs× dk and Bj ∈ Rs× t

k for i, j ∈ [k].
Here d and t are assumed to be divisible by k for simplicity.
Then the submatrices A1,A2, . . . ,Ak and B1,B2, . . . ,Bk

are mapped into the coded submatrices Â1, Â2, . . . , ÂN and
B̂1, B̂2, . . . , B̂N , respectively. Worker w is assigned a sub-
task to compute Â

T

wB̂w, and the master can retrieve the
desired computation result ATB by gathering only a subset
of {Â

T

wB̂w}w∈[N ].
We want to find a proper design for mapping func-

tions from the block of input matrices A1,A2, . . . ,Ak and
B1,B2, . . . ,Bk to the coded matrix blocks Â1, Â2, . . . , ÂN

and B̂1, B̂2, . . . , B̂N , respectively. One possible direction is
a design for minimizing the total execution time which is a
function of the computation and decoding time. Inspired by
the decoding efficiency of the product code and its potential
to improve the computation time, we specifically consider the
irregular-product-coded computation. Our main goal is to ana-
lyze the latency of such irregular-product-coded computation.

Contributions: The main contributions of this paper are
summarized as follows.
• We propose a novel coded computation scheme based on

irregular product codes.
• We provide an analysis on the expected computation time

of our proposed coded computation scheme.
• We show that in a certain regime, the irregular-product-

coded computation has a better performance in terms of
the total execution time, defined as a function of the
computation time and decoding time, compared to the
other existing schemes.

Notations: We denote [n] = {1, 2, . . . , n} for n ∈ N. The n-
th harmonic number is denoted as Hn =

∑n
i=1 1/i for n ∈ N.

We define H0 := 0 for ease of presentation. The cardinality
of set S is denoted by |S|. We denote the completion time of
worker w(i, j) by Ti,j . The number of nonzero elements in
matrix A is denoted by nnz(A). We denote 0m×n an m× n
all-zero matrix.

II. IRREGULAR-PRODUCT-CODED MATRIX
MULTIPLICATION

In this section, we propose a coded computation based on
irregular product codes. We first define the irregular product
code and briefly summarize the known results on the code
construction and possible code dimension. The definition of
the irregular product code is stated as follows.

Definition 1. For positive integers m, n and given sequences
{ai}i∈[m] and {bj}j∈[n], the {(n, ai)}i∈[m]×{(m, bj)}j∈[n] ir-
regular product code C is a length mn code that consists of m
row codes {(n, ai)}i∈[m] and n column codes {(m, bj)}j∈[n].
That is, the codewords of C are represented by the array of
m rows and n columns in which row i is a codeword in the
(n, ai) code and column j is a codeword in the (m, bj) code.
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R1 R1

(a) Step 1
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AT
4 B4

<latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit>

AT
3 B3

<latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit>

AT
1 B1

<latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit>

AT
2 B2

<latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="txynMs3JCA40DPyog07g+CG3mzs=">AAACAHicbZC7TsMwFIZPyq2UAoGVxWqFxFQlXWDksjAWqTepDZHjOK1Vx4lsB6mKurPwKiwMIMRTsPE2OG2H0nIky7++30c+5w9SzpR2nB+rtLW9s7tX3q8cVA+Pju2TalclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu8HtPVCqWiLaeptSL8UiwiBGsDfLt2jBIeKimsbnym5nffGyvkltDfLvuNJx5oU3hLkUdltXy7e9hmJAspkITjpUauE6qvRxLzQins8owUzTFZIJHdGCkwDFVXj7fZYbODQlRlEhzhEZzutqR41gVw5mXMdZjte4V8D9vkOnoysuZSDNNBVl8FGUc6QQVwaCQSUo0nxqBiWRmVkTGWGKiTXwVE4K7vvKm6DYbrtNwHxwowxnU4AJcuIRruIcWdIDAM7zCO3xYL9ab9bmIq2QtczuFP2V9/QL+DZn2</latexit><latexit sha1_base64="txynMs3JCA40DPyog07g+CG3mzs=">AAACAHicbZC7TsMwFIZPyq2UAoGVxWqFxFQlXWDksjAWqTepDZHjOK1Vx4lsB6mKurPwKiwMIMRTsPE2OG2H0nIky7++30c+5w9SzpR2nB+rtLW9s7tX3q8cVA+Pju2TalclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu8HtPVCqWiLaeptSL8UiwiBGsDfLt2jBIeKimsbnym5nffGyvkltDfLvuNJx5oU3hLkUdltXy7e9hmJAspkITjpUauE6qvRxLzQins8owUzTFZIJHdGCkwDFVXj7fZYbODQlRlEhzhEZzutqR41gVw5mXMdZjte4V8D9vkOnoysuZSDNNBVl8FGUc6QQVwaCQSUo0nxqBiWRmVkTGWGKiTXwVE4K7vvKm6DYbrtNwHxwowxnU4AJcuIRruIcWdIDAM7zCO3xYL9ab9bmIq2QtczuFP2V9/QL+DZn2</latexit><latexit sha1_base64="7nIy/fZKN/QanlBFyKpJiHxrAXg=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqqRCgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOvWa69Tce6fauCjiKIFTUAHnwAWXoAHuQBO0AQZP4AW8gXfr2Xq1PqzPeemaVfScgD+wvn4BpdKbWg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit>

AT
5 B5

<latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit>
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AT
4 B4

<latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit>

AT
3 B3

<latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit>

AT
1 B1

<latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit>

AT
2 B2

<latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="txynMs3JCA40DPyog07g+CG3mzs=">AAACAHicbZC7TsMwFIZPyq2UAoGVxWqFxFQlXWDksjAWqTepDZHjOK1Vx4lsB6mKurPwKiwMIMRTsPE2OG2H0nIky7++30c+5w9SzpR2nB+rtLW9s7tX3q8cVA+Pju2TalclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu8HtPVCqWiLaeptSL8UiwiBGsDfLt2jBIeKimsbnym5nffGyvkltDfLvuNJx5oU3hLkUdltXy7e9hmJAspkITjpUauE6qvRxLzQins8owUzTFZIJHdGCkwDFVXj7fZYbODQlRlEhzhEZzutqR41gVw5mXMdZjte4V8D9vkOnoysuZSDNNBVl8FGUc6QQVwaCQSUo0nxqBiWRmVkTGWGKiTXwVE4K7vvKm6DYbrtNwHxwowxnU4AJcuIRruIcWdIDAM7zCO3xYL9ab9bmIq2QtczuFP2V9/QL+DZn2</latexit><latexit sha1_base64="txynMs3JCA40DPyog07g+CG3mzs=">AAACAHicbZC7TsMwFIZPyq2UAoGVxWqFxFQlXWDksjAWqTepDZHjOK1Vx4lsB6mKurPwKiwMIMRTsPE2OG2H0nIky7++30c+5w9SzpR2nB+rtLW9s7tX3q8cVA+Pju2TalclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu8HtPVCqWiLaeptSL8UiwiBGsDfLt2jBIeKimsbnym5nffGyvkltDfLvuNJx5oU3hLkUdltXy7e9hmJAspkITjpUauE6qvRxLzQins8owUzTFZIJHdGCkwDFVXj7fZYbODQlRlEhzhEZzutqR41gVw5mXMdZjte4V8D9vkOnoysuZSDNNBVl8FGUc6QQVwaCQSUo0nxqBiWRmVkTGWGKiTXwVE4K7vvKm6DYbrtNwHxwowxnU4AJcuIRruIcWdIDAM7zCO3xYL9ab9bmIq2QtczuFP2V9/QL+DZn2</latexit><latexit sha1_base64="7nIy/fZKN/QanlBFyKpJiHxrAXg=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqqRCgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOvWa69Tce6fauCjiKIFTUAHnwAWXoAHuQBO0AQZP4AW8gXfr2Xq1PqzPeemaVfScgD+wvn4BpdKbWg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit>

AT
5 B5

<latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit>

AT
6 B6

<latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit><latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit><latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit><latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit>

R1 R1

R2

C2 C2

C2 C2 C3
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(c) Step 3

2 2 3 3
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AT
4 B4

<latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit><latexit sha1_base64="mGfNmFka6g4pleMH3G4JUnOge84=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRVgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOhc116m59/Vqo17EUQKnoALOgQsuQQPcgSZoAwyewAt4A+/Ws/VqfVif89I1q+g5AX9gff0CrUabYg==</latexit>

AT
3 B3

<latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit><latexit sha1_base64="Uuc7uC7Zhyic5swQT9x/0dldvGc=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVQCcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9N2KC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3ud95JFJRwZt6nBAvRgNOI4qRNpJvl/uBYKEax+bLrif+xUNzUbkxim9XnKozBVwl7pxUwBwN3/7uhwKnMeEaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DOYqJ8rLpLRN4apQQRkKaxzWcqosdGYpVvpypjJEeqmUvF//zeqmOrryM8iTVhOPZoChlUAuYBwNDKgnWbGwIwpKaXSEeIomwNvGVTAju8smrpH1edZ2qe1+r1GvzOIrgBJTBGXDBJaiDO9AALYDBE3gBb+DderZerQ/rc1ZasOY9x+APrK9fqiybYA==</latexit>

AT
1 B1

<latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit><latexit sha1_base64="JsDrgK+YLrpbtgzE/JemhDB1Vx4=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUICcYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9NmKC1Hsnx0zr26954gYVRpx/mxSmvrG5tb5e3Kzu7e/oF9eNRRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDca3ud99JFJRwVt6khAvRkNOI4qRNpJvVweBYKGaxObLrqe++9BaVG6M4ts1p+7MAFeJW5AaKND07e9BKHAaE64xQ0r1XSfRXoakppiRaWWQKpIgPEZD0jeUo5goL5vdMoWnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/FhOAun7xKOud116m79xe1xkURRxmcgCo4Ay64BA1wB5qgDTB4Ai/gDbxbz9ar9WF9zktLVtFzDP7A+voFo/ibXA==</latexit>

AT
2 B2

<latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="txynMs3JCA40DPyog07g+CG3mzs=">AAACAHicbZC7TsMwFIZPyq2UAoGVxWqFxFQlXWDksjAWqTepDZHjOK1Vx4lsB6mKurPwKiwMIMRTsPE2OG2H0nIky7++30c+5w9SzpR2nB+rtLW9s7tX3q8cVA+Pju2TalclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu8HtPVCqWiLaeptSL8UiwiBGsDfLt2jBIeKimsbnym5nffGyvkltDfLvuNJx5oU3hLkUdltXy7e9hmJAspkITjpUauE6qvRxLzQins8owUzTFZIJHdGCkwDFVXj7fZYbODQlRlEhzhEZzutqR41gVw5mXMdZjte4V8D9vkOnoysuZSDNNBVl8FGUc6QQVwaCQSUo0nxqBiWRmVkTGWGKiTXwVE4K7vvKm6DYbrtNwHxwowxnU4AJcuIRruIcWdIDAM7zCO3xYL9ab9bmIq2QtczuFP2V9/QL+DZn2</latexit><latexit sha1_base64="txynMs3JCA40DPyog07g+CG3mzs=">AAACAHicbZC7TsMwFIZPyq2UAoGVxWqFxFQlXWDksjAWqTepDZHjOK1Vx4lsB6mKurPwKiwMIMRTsPE2OG2H0nIky7++30c+5w9SzpR2nB+rtLW9s7tX3q8cVA+Pju2TalclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu8HtPVCqWiLaeptSL8UiwiBGsDfLt2jBIeKimsbnym5nffGyvkltDfLvuNJx5oU3hLkUdltXy7e9hmJAspkITjpUauE6qvRxLzQins8owUzTFZIJHdGCkwDFVXj7fZYbODQlRlEhzhEZzutqR41gVw5mXMdZjte4V8D9vkOnoysuZSDNNBVl8FGUc6QQVwaCQSUo0nxqBiWRmVkTGWGKiTXwVE4K7vvKm6DYbrtNwHxwowxnU4AJcuIRruIcWdIDAM7zCO3xYL9ab9bmIq2QtczuFP2V9/QL+DZn2</latexit><latexit sha1_base64="7nIy/fZKN/QanlBFyKpJiHxrAXg=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqqRCgrHAwlikvqQ2RI7jtFYdO7IdpCrqzsKvsDCAECs/wMbf4LQZSsuRLB+dc6/uvSdIGFXacX6stfWNza3t0k55d2//4NA+Ou4okUpM2lgwIXsBUoRRTtqaakZ6iSQoDhjpBuPb3O8+Eqmo4C09SYgXoyGnEcVIG8m3K4NAsFBNYvNl11O//tBaVG6M4ttVp+bMAFeJW5AqKND07e9BKHAaE64xQ0r1XSfRXoakppiRaXmQKpIgPEZD0jeUo5goL5vdMoVnRglhJKR5XMOZutiRoVjly5nKGOmRWvZy8T+vn+royssoT1JNOJ4PilIGtYB5MDCkkmDNJoYgLKnZFeIRkghrE1/ZhOAun7xKOvWa69Tce6fauCjiKIFTUAHnwAWXoAHuQBO0AQZP4AW8gXfr2Xq1PqzPeemaVfScgD+wvn4BpdKbWg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit><latexit sha1_base64="jYpCC7o9snA8x1umDzpg9hxBjPg=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCVVJRgLLIxF6ktqQ+Q4bmvVsSPbQaqi7iz8CgsDCLHyA2z8DU6bobQcyfLROffq3nuCmFGlHefHKmxsbm3vFHdLe/sHh0f28UlHiURi0saCCdkLkCKMctLWVDPSiyVBUcBIN5jcZn73kUhFBW/paUy8CI04HVKMtJF8uzwIBAvVNDJfej3zaw+tZeXGKL5dcarOHHCduDmpgBxN3/4ehAInEeEaM6RU33Vi7aVIaooZmZUGiSIxwhM0In1DOYqI8tL5LTN4bpQQDoU0j2s4V5c7UhSpbDlTGSE9VqteJv7n9RM9vPJSyuNEE44Xg4YJg1rALBgYUkmwZlNDEJbU7ArxGEmEtYmvZEJwV09eJ51a1XWq7n290qjncRTBGSiDC+CCS9AAd6AJ2gCDJ/AC3sC79Wy9Wh/W56K0YOU9p+APrK9fpxKbXg==</latexit>

AT
5 B5

<latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit><latexit sha1_base64="+hpBGErm8eergQQLdrS8qQhnrdw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoCMYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fsGCbZA==</latexit>

AT
6 B6

<latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit><latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit><latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit><latexit sha1_base64="JmGYSkix6rrBwSuT6+0pFhbmJ+Y=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCWoAsYCC2OR+pLaEDmO01p17Mh2kKqoOwu/wsIAQqz8ABt/g9tmKC1Hsnx0zr26954gYVRpx/mxCmvrG5tbxe3Szu7e/oF9eNRWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUa3U7/zSKSigjf1OCFejAacRhQjbSTfLvcDwUI1js2XXU/8i4fmonJjFN+uOFVnBrhK3JxUQI6Gb3/3Q4HTmHCNGVKq5zqJ9jIkNcWMTEr9VJEE4REakJ6hHMVEednslgk8NUoIIyHN4xrO1MWODMVqupypjJEeqmVvKv7n9VIdXXkZ5UmqCcfzQVHKoBZwGgwMqSRYs7EhCEtqdoV4iCTC2sRXMiG4yyevkvZ51XWq7n2tUq/lcRTBCSiDM+CCS1AHd6ABWgCDJ/AC3sC79Wy9Wh/W57y0YOU9x+APrK9fs3qbZg==</latexit>

R1 R1

R2

C2 C2

C2 C2 C3

R3

R4

(d) Step 4

Fig. 1. Encoding of the irregular-product-coded computation

The row and column codes of the irregular product code
can be any codes; however, we confine our interest to the
MDS constituent (row and column) codes in this paper. Then,
the following theorem provides the highest possible dimension
and a corresponding achievable scheme.

Theorem 2 (From [2]). Consider an {(n, ai)}i∈[m] ×
{(m, bj)}j∈[n] irregular product code C. If 0 < a1 ≤
· · · ≤ an < n and 0 < b1 ≤ · · · ≤ bn < m, then
the dimension of C is upper bounded by kC where kC :=∑n
j=1

∑bj
i=bj−1+1 max(ai − j + 1, 0). Furthermore, let V be

the am × n Vandermonde matrix and V ′ be the bn × m
Vandermonde matrix. For i ∈ [m] and j ∈ [n], if the row
code (n, ai) of C has the first ai rows of V as the generator
matrix and the column code (m, bj) of C has the first bj rows
of V ′ as the generator matrix, then the dimension of C is
exactly the same as kC .

Now we present an {(n, ai)}i∈[m]×{(m, bj)}j∈[n] irregular-
product-coded computation. Assume that we have mn work-
ers, each of which is denoted by w(i, j) meaning that its
assigned subtask is encoded using the (n, ai) and (m, bj) MDS
codes, i.e., i-th row and j-th column codes.

Encoding: To compute ATB for A ∈ Rs×d and B ∈ Rs×t,
the input matrices A and B are divided into kC blocks as
A = [A1 A2 . . . AkC ] and B = [B1 B2 . . . BkC ],
respectively, where Al ∈ Rs×

d
kC and Bl ∈ Rs×

t
kC for

l ∈ [kC ]. Here d and t are assumed to be divisible by
kC for simplicity. For given sequences a1, a2, . . . , am and
b1, b2, . . . , bn, the procedure of encoding and assigning the
submatrices to workers is described in Algorithm 1. We define
the matrix C ∈ Rm×n as a data allocation matrix: Cij := 1 if
worker w(i, j) is already assigned its submatrices; otherwise
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Algorithm 1 Encoding
Input: {ai, bj}i∈[m],j∈[n], kC , {Al,Bl}l∈[kC ], C = 0m×n
Set l← 1 and r ← kC
while mn− nnz(C) do

for i← 1 to m do
if nnz(i-th row in C) = ai then

- Encode i-th row with an (n, ai) MDS code
- Assign generated parity blocks to the vacant
workers of row i one by one
- (entries with zero in the i-th row of C)← 1

end if
end for
for j ← 1 to n do

if nnz(j-th column in C) = bj then
- Encode j-th column with an (m, bj) MDS code
- Allocate generated parity blocks to the vacant
workers of column j one by one
- (entries with zero in the j-th column of C)← 1

end if
end for
- Find the row index i0 and column index j0 of the first
zero element in C
if r + nnz(i0-th row in C) ≥ ai0 then

for u← j0 to ai0 do
- Assign the task multiplying Al and Bl to
worker w(i0, u)
- Ci0,u ← 1, l← l + 1 and r ← r − 1

end for
end if

end while
for i← 1 to m do

for j ← 1 to n do
- Relabel the submatrices allocated to worker w(i, j)
as Ãi,j and B̃j,j

end for
end for
Output: {Ãi,j , B̃i,j}i∈[m],j∈[n]

Cij := 0. Fig. 1 shows an example of encoding procedure
of the {(n, ai)}i∈[m] × {m, bj)}j∈[n] irregular-product-coded
computation for given parameters n = m = 4, kC = 6,
[a1, a2, a3, a4] = [2, 3, 3, 3] and [b1, b2, b3, b4] = [2, 2, 3, 3].
The numbers on rows and columns denote the dimensions of
each row/column. At each step, we find the row index i0 and
column index j0 of the first zero element (in other words,
the zero element with the smallest column index among the
zero elements with the smallest row index) in C. The indices
corresponding to the shaded areas indicate the indices i0 and j0
at each step. Afterwards, we assign the systematic submatrices
Al and Bl to the workers with the row index i0 and column
indices from j0 to ai0 . We then conduct the row- and column-
wise encoding to generate/assign the parity blocks represented
by R and C combined with the number indicating each step,
respectively.

2 2 3 3

2

3

3

3

(a) Iteration 1 (row decoding)

2 2 3 3

2

3

3

3

(b) Iteration 2 (column decoding)

2 2 3 3

2

3

3

3

(c) Iteration 3 (row decoding)

2 2 3 3

2

3

3

3

(d) Iteration 4 (column decoding)

Fig. 2. Iterative decoding of the irregular-product-coded computation

Decoding: The irregular product code is decoded by iter-
ative row/column code decoding using a peeling decoder. At
the first iteration, for example, decoding of the m row codes is
done in parallel. Specifically, for the i-th row code, decoding
succeeds when any ai out of n subtasks are completed. At the
second iteration, decoding of the n column codes continues
in the same way. For the j-th column code, the master can
recover the desired computation result by collecting any bj out
of m subtask results. This procedure of iterative row/column
decoding continues until the system converges. Fig. 2 il-
lustrates an example of the {(n, ai)}i∈[m] × {m, bj)}j∈[n]
irregular-product-coded computation for the same parameters
used in Fig. 1. The shaded area indicates the systematic part.

III. LATENCY ANALYSIS

For the latency analysis, we assume that the completion time
of each worker is exponentially distributed with rate µ, i.e.,
Pr[Ti,j ≤ t] = 1− e−µt for i ∈ [m], j ∈ [n]. This assumption
is consistent with the existing literature, e.g., [1], [5], [19].
From the theory of order statistics [23], the mean of the k-
th order statistics out of n exponential random variables with
rate µ is given by (Hn − Hn−k)/µ. For a sufficiently large
k and a fixed constant γ, the k-th harmonic number Hk is
approximated by log k + γ. We further assume that m = n
for simplicity; however, note that the analysis can be easily
extended to the case where m 6= n.

Consider an {(n, ai)}i∈[n]×{n, bj)}j∈[n] irregular-product-
coded computation. The following theorem provides an
asymptotic lower bound for the expected computation time
of the irregular-product-coded computation in the regime of
our interest.

Theorem 3 (Lower Bound). For a positive fixed constant
δ := n2/kC − 1 and any constant ε > 0, the expected com-
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putation time of the {(n, ai)}i∈[n] × {n, bj)}j∈[n] irregular-
product-coded computation is lower bounded as E[T ] ≥
1
µ log 1+δ

δ−ε(1+δ) + o(1) in the limit of large n.

Proof: In [2], it is shown that one can successfully
decode asymptotically all the symbols of the {(n, ai)}i∈[n] ×
{n, bj)}j∈[n] irregular product code sent over an erasure chan-
nel with erasure probability (n2−kC)/n2 = δ/(1+δ)−ε when
the sequences a1, a2, . . . , an and b1, b2, . . . , bn are properly
chosen based on the code construction in Theorem 2. This
naturally leads to a conclusion that one can construct an
irregular-product-coded computation such that the full recov-
ery at the master is asymptotically guaranteed in the existence
of n2( δ

1+δ − ε) stragglers as n grows to infinity. Then, the
lower bound for the computation time is the n2(1− δ

1+δ + ε)-
th order statistics of n2 exponential random variables with rate
µ.

Note that the lower bound in Theorem 3 can be made
arbitrarily close to the expected computation time of the
(n, kC) MDS coded scheme as n grows to infinity.

The following is an asymptotic upper bound for the expected
computation time of the irregular-product-coded scheme in the
limit of large n.

Theorem 4 (Upper Bound). For positive fixed constants
{δi := n/ai − 1}i∈[n] and {δ′j := n/bj − 1}j∈[n] such that
two integer sequences satisfy 0 < a1 ≤ · · · ≤ an < n and
0 < b1 ≤ · · · ≤ bn < n, the expected computation time of the
{(n, ai)}i∈[n] ×{n, bj)}j∈[n] irregular-product-coded compu-
tation is upper bounded as E[T ] ≤ 1

µ log
1+max{δn,δ′n}
max{δn,δ′n}

+ o(1)
in the limit of large n.

Proof: The proof generalizes the bounding technique in
[1]. Assume that one starts by decoding of row constituent
codes. Consider the decoding of the i-th row code, i.e., (n, ai)

MDS code. We define tu,i = 1
µ log 1+δi

δi
+α

√
logn
n . for some

fixed constant α > 0. The probability that decoding of the i-th
row code is not completed by time tu,i is given as

Pr[Ti,j > tu,i] = e−µtu,i = e
− log

1+δi
δi
−µα
√

logn
n

=
δi

1 + δi
e−µα

√
logn
n

' δi
1 + δi

(
1− µα

√
log n

n

)
.

Then, for decoding the i-th row, the expected number of
workers that are not completed by time tu,i is represented as
nδi
1+δi

(
1− µα

√
logn
n

)
= δi

(
ai − µα

√
ai logn
1+δi

)
.

To bound the probability that the decoding in the i-th row
fails by time tu,i (the probability that the number of unfinished
workers is greater than the maximum tolerable number of
stragglers), we use the Hoeffding’s inequality [24]:

Pr
[∣∣{Ti,j > tu,i}j∈[n]

∣∣ ≥ δiai]
=Pr

[∣∣{Ti,j > tu,i}j∈[n]
∣∣− δi(ai − µα√ai log n

1 + δi

)
≥ γ

]

TABLE I
COMPARISONS OF VARIOUS CODING SCHEMES (COMPARISONS ARE MADE

IN THE ORDER OF MAGNITUDE)

Coding scheme Computation time (E[Tcomp]) Decoding cost (Tdec)
Replication kCHkC/(n

2µ) 0
MDS 1

µ
log
(

1+δ
δ

)
kβC

Standard product 1
µ
log
(

1+δ+
√

1+δ
δ

)
2
√
kβ+1
C

Irregular product E[T ] anb
β
m + aβnbm

≤e−2γ
2/n = e

−2
(

δi
1+δi

)2
µ2α2 logn

= n
−2

(
δi

1+δi

)2
µ2α2

,

where γ := δiµα
√
ai log n/(1 + δi) .

For obtaining the probability that decoding for n rows all
fails by time maxi tu,i, we use the union bound:

Pr
[
T > max

i
tu,i

]
≤

n∑
i=1

Pr
[∣∣∣{Ti,j > max

i
tu,i}j∈[n]

∣∣∣ ≥ δiai]
≤

n∑
i=1

Pr
[∣∣{Ti,j > tu,i}j∈[n]

∣∣ ≥ δiai]
≤ n · n−2(

δn
1+δn

)
2
µ2α2

= o(n−1) ,

where the last equality follows from the fact that α can be set
to an arbitrarily large number.

Then, the expected computation time satisfies

E[T ] ≤ (1− o(n−1))max
i
tu,i + o(n−1)

(
max
i
tu,i +

Hn2

µ

)
=

1

µ
log

1 + mini δi
mini δi

+ o(1)

=
1

µ
log

1 + δn
δn

+ o(1) . (1)

Similarly, we have an upper bound on the expected compu-
tation time when we decode the column codes first:

E[T ] ≤ 1

µ
log

1 + minj δ
′
j

minj δ′j
+ o(1)

=
1

µ
log

1 + δ′n
δ′n

+ o(1) . (2)

Combining (1) and (2) completes the proof.

IV. COMPARISON WITH COMPETING SCHEMES

In this section, we provide performance comparisons be-
tween the irregular-product-coded matrix multiplication and
other competing schemes in terms of the total latency includ-
ing the computation time and decoding time.

For fair comparisons, we consider an (n2, kC) MDS code,
where n2 = (1 + δ)kC and kC is given in Theorem 2. We
further assume that the decoding cost of the MDS-coded
computation of dimension kC is O(kβC ) for some β > 1. The
assumption of β > 1 is made from the known results for the
practical decoding algorithms [25], [26]. Then, the decoding
complexity of the (n,

√
kC) × (n,

√
kC) standard-product-

coded computation is O(
√
kC ·
√
kC
β
+
√
kC ·
√
kC
β
). Sim-

ilarly, the decoding cost of the {(n, ai)}i∈[n] × {n, bj)}j∈[n]
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irregular-product-coded computation is given byO(amaxb
β
max+

aβmaxbmax). The computation time and decoding complexity of
the coding schemes above are summarized in Table I.

Define the total execution time as Texec := Tcomp +
λTdec, where Tcomp is the computation time and Tdec is
the decoding cost. Here, λ is introduced to reflect the ef-
fect of decoding time on the total execution time, which
can be interpreted as a system parameter. For comparisons,
we set the code parameters as follows: n = 8, kC =
28, [a1, a2, a3, a4, a5, a6, a7, a8] = [5, 5, 6, 6, 6, 6, 6, 6] and
[b1, b2, b3, b4, b5, b6, b7, b8] = [5, 5, 5, 5, 5, 5, 5, 5]. The rate of
the exponential runtime of a worker µ is set to 0.1, and the
decoding complexity parameter β is set to 2.5.

In Fig. 3, the expected total execution times of the four
coded computation schemes in Table I are presented. Although
the bounds are given for our proposed scheme, we can verify
that the irregular-product-coded computation outperforms the
other competing schemes when λ is in the range of moderate
values. When the decoding cost is negligible (small λ), we see
that the lower bound of our scheme is comparable with the
performance of the MDS code. Even when we consider the
worst case (upper bound), the irregular-product-coded scheme
consistently shows a better performance compared to both of
the standard-product-coded and replication scheme. However,
for large λ, which means that the decoding cost matters, the
replication is the optimal choice.

V. CONCLUSION

We proposed irregular-product-coded computing for dis-
tributed matrix multiplication. We have presented the upper
and lower bounds on the latency of the proposed coded
computation using the concentration inequalities. In terms
of the total execution time, which is given by a function
of the computation time and the decoding time, we have
shown that our proposed irregular-product-coded computation
outperforms the competing schemes such as the replication,
MDS-coded and standard-product-coded computation, in some
parameter regime. In this paper, we have focused on the prod-
uct codes having MDS constituent codes. However, employing
the capacity approaching constituent codes such as low-density
parity-check (LDPC) codes is a promising future direction in
that it may allow a lower decoding complexity at a small
expense of computation time.
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